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We numerically simulate an oscillating Bose-Einstein condensate in a disordered trap [Phys. Rev. A 82,
033603 (2010)] and the results are in good agreement with the experiment. It allows us to verify that total
energy and particle number are conserved in this quantum system. The disorder acts as a medium, which
results in a relaxation from nonequilibrium to equilibrium, i.e., thermalization. An algebraic localization
is realized when the system approaches the equilibrium, and if the system falls into the regime when
the healing length of the condensate exceeds the correlation length of the disorder, exponential Anderson
localization is to be observed.
Anderson localization (AL) had been a long-studied phe-
nomenon in electronic systems [1] . When transporting in
an environment with random disorder, waves of electrons
get localized after multiple scattering with the disorder. Re-
cently there is a resurgence of studies of AL in a variety of
systems such as the photonic crystals [2, 3], the ultrasound
in 3D elastic networks [4], the quantum chaotic systems
[5], and the cold atoms [6, 7]. The experiment [6] of cold
atoms was done by expanding Bose condensate in a weak
random potential in which the healing length (ξ) of the con-
densate exceeds the correlation length (σD) of the disorder,
ξ > σD. In this regime, the particle interaction is relatively
unimportant to which ξ → ∞ corresponds to a noninter-
acting limit. The experiment [6] confirmed that the local-
ized condensate exhibits an exponential density profile in
a one-dimensional geometry, in agreement with the theory
of Sanchez-Palencia et al. [8].
In this Letter, we show that an oscillating condensate in
a disordered trap, such as the experiment done by Dries et
al. [9], can also exhibit AL when it comes to equilibrium
and if it falls into the regime ξ > σD. Using exactly the
same parameters of the experiment reported in Fig. 2 of
Ref. [9] for ξ < σD, we perform a numerical simulation
based on the Gross-Pitaveskii (GP) approach in the pres-
ence of a spatially random disorder potential. The results
are in good agreement with the experiment as far as the
overall spatial dynamics is concerned. It allows us to verify
that when time passes a relaxation time tc (discussed later),
the system enters an algebraical localized state [8]. This
motivates to carry out another simulation with the same pa-
rameters except by reducing σD to make ξ > σD. In this
case, exponential AL is eventually observed.
Another important factor in such a system is that it pro-
vides a simple framework to investigate the long-standing
question on how an “isolated”many-body quantum system,
without coupling to the reservoir, can relax to a steady state
that seems to be in thermodynamic equilibrium, i.e., ther-
malization [10–12]. Our results show that total energy and
particle number of the system are conserved and temporal
entropy reveals that a relaxation process from nonequilib-
rium to equilibrium does exhibit. Random disorder plays
the role of a medium (or transistor) which results in the ex-
change of partial kinetic energy with partial potential en-
ergy. When t ≫ tc, the system reaches a thermodynamic
equilibrium in which both kinetic and potential energies
come to a constant. There is no dissipation of the total en-
ergy through any kind of friction. It becomes evident that
the thermalization to equilibrium is accompanied by the lo-
calization in the system.
To make a direct comparison with the experiment re-
ported in Fig. 2 of Ref. [9], we consider a 1D Bose gas
with a repulsive contact interaction that is trapped in a har-
monic potential Vho(z) = mω
2z2/2. In the dilute and
ultracold condition, the condensate wave function ψ (z, t)
is governed by the GP equation in the presence of a real
spatially random disordered potential Vdis(z),
i~∂tψ =
[
− ~
2
2m
∂2z + Vho(z) + Vdis(z) +Ng |ψ|2 − µ
]
ψ.
(1)
HereN is the total number of atoms, g is the coupling con-
stant of contact interaction, µ is the chemical potential, and
ψ is normalized to one,
∫ |ψ|2dz = 1. The healing length
at the center of the condensate is defined as ξ = ~/
√
2mµ.
The disorder correlation length, σD, is defined by fit-
ting the autocorrelation function 〈Vdis(z)Vdis(z +∆z)〉 =
V 2D exp(−2∆z2/σ2D) with VD the strength of Vdis(z) [13].
In the experiment, the condensate is released at a posi-
tion off the center of the harmonic trap that results in the
subsequent oscillations. For numerical convenience, we
take an alternative scheme such that the condensate is re-
leased at the trap center but with an initial velocity. To
obtain an initial wave function with a velocity v0, we apply
the Galilean transformation: ψ = ϕ exp(imv0z) and in
the absence of disorder, the corresponding GP equation for
the residual wave function ϕ is
i~∂tϕ =
[
1
2m
(
~
i
∂z −mv0
)2
+ Vho (z) +Ng |ϕ|2 − µ
]
ϕ.
(2)
2FIG. 1. (a) Spatial and temporal distribution of an oscillating condensate. The calculated norm of the spatial condensate wave function
are potted in z-direction at various times. Black dots are the experimentally measured temporal center-of-mass coordinates, taken from
Fig. 2 of Ref. [9]. (b) & (c) Close examinations of the results for t < tc ≈ 4s (nonequilibrium) and for t > tc (approaching the
equilibrium in accompany of localization).
Long-term imaginary-time evolution of Eq. (2) gives ϕ
which in turn gives the initial wave function ψ. A cutoff
wavevector kc corresponding to the shortest length scale or
the largest k scale in association with the healing length
ξ is naturally introduced in the simulation which gives the
best results. In natural units: ~ = m = ω = 1, experimen-
tal parameters are µ = 200, v0 = 37.5, VD = 50.9, and
σD = 0.25 that correspond to the regime ξ < σD [9].
Fig. 1(a) shows the spatial and temporal results of the os-
cillating condensate simulation. We plot, at various times,
the calculated norm of the spatial condensate wave func-
tion in z-direction. For comparison, black dots correspond
to experimentally measured temporal center-of-mass coor-
dinates (reported in Fig. 2 of Ref. [9]). Surprisingly it gives
a very good agreement between the simulation and the ex-
periment. Close examinations of the results are shown in
Fig. 1(b) for t < tc ≈ 4s when the system is still out
of equilibrium and in Fig. 1(c) for t > tc when the sys-
tem is approaching the equilibrium. In view of Fig. 1(b),
the calculated temporal density maxima match well with
the experimental data points. One also sees that a minor
(long-tail) part of atoms oscillate out-of-phase to the major
(central) part of atoms, which is consistent with the experi-
mental observation (see, for example, Fig. 5 in Ref. [9]). In
the experiment [9], the system was considered to be sepa-
rated into a thermal (non-condensed) component and a con-
densed component. At this earlier stage (t < tc), no major
localization is yet to occur and our major (central) part cor-
responds to their condensed component, while our minor
(long-tail) part corresponds to their thermal component.
Fig. 1(c) shows the regime when the system is approach-
ing the equilibrium and the vast localization has occurred.
In this regime, the system is seen to consist of both local-
ized and extended parts – localized part mainly exists in
the long-tail area and extended part mainly exists in the
central area [14]. One sees that the oscillations of the cen-
tral extended parts are significantly reduced compared to
those at t < tc. It signals that the system is approaching
the equilibrium. In contrast, the long-tail part is seen to be
completely static as the clear evidence of localization. In
the two-component scenario of Ref. [9]), it says that the
thermal (incoherent) component gets localized, while the
condensed (coherent) component remains extended.
The good agreement between the simulation and the ex-
periment allows us to study in more details the two im-
portant phenomena, thermalization and localization. Total
energy of the system consists of four terms: Etot(t) =
Ekin(t) + Epot(t) + Edis(t) + Eint(t), where the ki-
netic energy Ekin(t) =
∫ |~∂zψ|2 / (2m) dz, the poten-
tial energy Epot(t) =
∫
Vho |ψ|2 dz, the disorder en-
ergy Edis(t) =
∫
Vdis |ψ|2 dz, and the interaction energy
Eint(t) = (Ng/2)
∫ |ψ|4 dz. Fig. 2 shows the time evolu-
tion of the four energies, respectively. As random disorder
3FIG. 2. Time evolution of the four energies in association with
the dynamics shown in Fig. 1. Total energy is conserved for the
entire process.
potential is rapidly varying in space,Edis ≃ 0 (purple line)
for the entire process. Moreover, because both the trapping
and disorder potentials are real and time-independent, one
expects that there is no energy loss. Conservation of to-
tal energy is indeed shown in Fig. 2 (black line). Of most
interest, during the process partial kinetic energy is in ex-
change with partial potential energy and when t≫ tc, both
energies are expected to come to a constant. It seems that
the dissipation discussed in Refs. [9, 15, 16] can be realized
as the result of the exchange between kinetic and potential
energies.
In the current weakly interacting system, Eint is rela-
tively small compared to both Ekin and Epot. Thus the
energy exchange occurs mainly between Ekin and Epot.
Moreover, as clearly seen in Fig. 2, the energy exchange
rate or the transportation of the condensate is significantly
reduced when t > tc. One can also verify whether the
virial theorem is satisfied when the system approaches the
equilibrium. For the current system described by the GP
equation (1), the following condition
2Ekin − 2Epot + dEint = 0 (3)
with d the dimension should be satisfied at equilibrium
[17]. From Fig. 2, the condition Epot ≃ Ekin + Eint/2
is indeed satisfied with d = 1.
Owing to the randomness nature of the wave func-
tion, it is particularly useful to study the correspond-
ing waveaction spectrum nk(t) in the context of wave
turbulence [18]. When expressing the condensate wave
function ψ (z, t) in terms of Madelung transformation,
ψ (z, t) =
√
ρ (z, t) exp [iϕ (z, t)] with ρ and ϕ the den-
sity and phase, the hydrodynamic kinetic-energy density is
K = (m/2) | (√ρu) |2 with u ≡ (~/m) ∂zϕ the veloc-
ity. To study the scaling laws, one applies the sum rule:
K(t) = ∫ kc
0
K˜ (k, t) dk, where K˜ (k, t) is the kinetic-
energy spectrum and kc is the cutoff wavevectormentioned
FIG. 3. Temporal entropy of the oscillating condensate calculated
from the simulation in Fig. 1. The inset shows the Rayleigh-
Jeans spectrum for the waveaction at t = 7.3s when the system
approaches the equilibrium. tc ≈ 4s is the relaxation time.
earlier. The corresponding waveaction spectrum is then
given by nk (t) = k
−2K˜ (k, t) and one can define the en-
tropy S(t) in association with nk [19–22],
S(t) =
∫
dk ln [nk(t)] . (4)
Results of S(t) are shown in Fig. 3. Major features are
that ∆S(t) ≡ lim∆t→0[S(t + ∆t) − S(t)] > 0 when
t < tc and ∆S(t) → 0 when t > tc. It unambiguously
identifies that thermalization is developed in the system.
In earlier process, one also sees the Fermi-Pasta-Ulam-
Tsingou (FPUT) recurrence effect that is consistent with
the oscillation of the system. In the inset of Fig. 3, we show
nk at t = 7.3s≫ tc. It follows the Rayleigh-Jeans spec-
trum, nk ∼ k−2, which indicates that the energy spectrum
K˜ is a constant, or equipartition in k space. In other words,
the system corresponds to a non-dissipative one with a de-
tailed balance.
Here we discuss the relaxation time tc. As studied by
Bhongale et al. [15], by comparing the condensate center-
of-mass speed v to the sound speed c ≡√µ/m, the entire
oscillation process can be divided into fast or supersonic
(v > c) and slow or subsonic (v < c) regions. When
v ≤ c, the relatively slow motion of the (central) extended
part does not affect much the distribution of the (long-tail)
localized part. As a matter of fact, the relaxation time tc
can be well defined as the time when the center-of-mass
speed is equal to the sound speed (v = c). It has been
identified for the experiment [9] that tc ≃ 4s when v = c
and it is consistent with the value quoted according to the
results of S(t) in Fig. 3.
Finally we investigate in details whether a localization
can be seen in the oscillation experiment. In a semi-log
plot, Fig. 4(a) shows the eventual spatial density distribu-
tions at t = 7.3s. To smoothen the spikes arising from
4FIG. 4. (a) In a semi-log plot, for the case ξ < σD the eventual
density distribution at t = 7.3s is shown to exhibit an algebraic
profile at 20 < |z| < 70. (b) A similar study for the case ξ >
σD, where an AL exponential profile is obtained for the eventual
density distribution at t = 3.7s. The fitting Lyapunov exponent is
γeff = 0.025.
randomness, the results are taken as the average over a pe-
riod. As shown in Fig. 4(a), it is verified that for the current
ξ < σD case the condensate is algebraically localized, in
accordancewith the previous theory [8]. As mentioned ear-
lier, in the presence of random disorder, the condensate is
actually separated into both localized and extended parts.
In a free expansion experiment, the extended part will es-
cape whereas the localized part will remain [6]. When a
trapping potential is in place, the moving extended part is
eventually stopped at the center of the trap, whereas the
localized part comprises the long tails of the condensate.
Fig. 4(a) shows a well-fitting curve |ψ(z)|2 ∼ |z|−2 at the
range 20 < |z| < 70. The lower bound is determined by
the initial size of the condensate, i.e., the Thomas-Fermi
radius RTF =
√
2µ = 20, and the off-fitting data out of
the range |z| > 70 is due to the trapping effect.
Can the AL be seen in a similar oscillation experi-
ment? Here we perform another simulation for the same
parameters except by reducing σD to 0.01 to make the
regime ξ > σD. In this case, the relaxation time is
tc ≃ 2s only. As shown in Fig. 4(b), the results of the
eventual density distributions at t = 3.7s are well fit-
ted by an exponential one, |ψ (z)|2 ∼ exp (−2γeff |z|)
with γeff the Lyapunov exponent [8]. The fitting γeff is
also in good agreement with the analytic one, γeff =
(pi/32ξ)(VD/µ)
2(σD/ξ) exp[−(σD/ξ)2] ≈ 0.025. Com-
pared to the case ξ < σD, higher percentage of atoms can
be localized in the case ξ > σD. Thus one sees that the fit-
ting is as good as in the range 0 < |z| < 70. The off-fitting
data out of the range is again due to the trapping effect.
In summary, we propose that Anderson localization can
be observed in an oscillating condensate in a disordered
trap when the system comes to an equilibrium and when
the healing length of the condensate is exceeding the disor-
der correlation length. In addition, we show that in such an
“isolated” system, the disorder plays the role as a medium
and through it, the system undergoes a relaxation process
from nonequilibrium to equilibrium. The occurrence of lo-
calization can thus be viewed as the development of ther-
malization in the system.
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